An efficient method is presented for multi-criterion preliminary design and demonstrated for a tetrahedral truss platform. The present method requires minimal analysis effort and permits rapid estimation of optimized truss behavior for preliminary design. A 14m-diameter, 3-ring truss platform represents a candidate reflector support structure for space-based science spacecraft. The truss members are divided into 9 groups by truss ring and position. Design variables are the cross-sectional area of all members in a group, and are either 1,3 or 5 times the minimum member area. Non-structural mass represents the node and joint hardware used to assemble the truss structure. Taguchi methods are used to efficiently identify key points in the set of Pareto-optimal truss designs. Key points identified using Taguchi methods are the maximum frequency, minimum mass, and maximum frequency-to-mass ratio truss designs. Low-order polynomial curve fits through these points are used to approximate the behavior of the full set of Pareto-optimal designs. The resulting Paretooptimal design curve is used to predict frequency and mass for optimized trusses. Performance improvements are plotted in frequency-mass (criterion) space and compared to results for uniform trusses. Application of constraints to frequency and mass and sensitivity to constraint variation are demonstrated.
Introduction
Design of aerospace systems inevitably requires simultaneous satisfaction of many different, and usually conflicting, criteria. 1 Detailed information about some configuration which meets the requirements is typically not required at a preliminary design level; instead, confirmation that an acceptable design exists is sufficient. Various techniques have been developed for solution of multi-criterion optimization problems. 2 In one common method, a single scalar objective function is formed from the weighted sum of the criteria of interest and used for optimization analyses. By varying the relative weights as-signed to each criterion, the set of Pareto-optimal configurations may be found. 3 A configuration is called a Pareto optimum if no improvement may be made in one criterion without simultaneous degradation of at least one of the other criteria. 4 In this study, an efficient method is presented for predicting the frequency and mass of Pareto-optimal designs of a tetrahedral truss platform.
Several proposed Earth-science and deep-space astrophysics spacecraft ( fig. 1 ) require large, highlyaccurate truss platforms on the order of 10 meters in diameter or larger 5 to support faceted reflector surfaces. A lattice truss, which has inherently high natural frequencies and low mass, is a likely candidate for the primary mirror support structure. A 14m-diameter, 3-ring tetrahedral truss platform, shown in figure 2a, is representative of the reflector support structures described previously. Previous design studies of this structure 6 used natural frequency as the sole optimization criterion. In the present study, the criteria of interest are the natural frequency and mass of the truss. Trusses which have been simultaneously optimized for high frequency and low mass form the set of Pareto-optimal designs.
Figure 1. 20m-diameter high-precision reflector.
The 315 members in the truss are subdivided into 9 member groups by ring number and relative position in the truss. The cross-sectional area of all members in any group are equal, and the set of member areas for all groups are the design variables. Each design variable is either 1,3 or 5 times the minimum area. Therefore, there are 39 or 19,683 possible truss configurations in the entire design space. A search through design space for the set of Pareto-optimal designs would be both tedious and time-consuming.
Instead, a simplified process is presented here in which certain key designs from the Pareto-optimal set are determined, and the behavior of the remaining Pareto-optimal designs is inferred from the behavior of the key designs.
The three key designs chosen have maximum frequency, minimum mass, and maximum frequency-to-mass ratio. Approximate solutions for these designs are determined with Taguchi methods and results are plotted in frequency-mass (criterion) space. Behavior of the full set of Pareto-optimal designs is approximated by low-order polynomial curves which are fitted through the three key design points in criterion space. Finally, a trade study is performed to illustrate the use of the frequency-mass relationship for the Pareto-optimal trusses in preliminary design.
Truss Geometry and Finite Element Analysis
The tetrahedral truss configuration evaluated in this study is comprised of 315 truss members, each 2 meters in length. A perspective view of the truss platform and a repeating cell are shown in figure 2a. The truss, which has a diameter of 14 meters across corners and a depth of 1.63 divided into 3 circumferential truss rings in figure 2b , and partitioned into upper surface, core, and lower surfaces in figure 2c . The truss subdivisions in figures 2b and 2c are used to define the 9 member groups shown in figure 3 . All of the members in a given group have the same cross-sectional area; the design variables for this problem are the crosssectional areas associated with each member group.
A commercial finite element code 7 is used to construct a linear analysis model which has pinnedend axial stiffness elements.The truss members are assumed to be comprised of a composite tube with a fixed outer diameter of 3.18 x 10-2 meters, and a joint at each end which attaches to a truss node. The minimum cross-sectional area of the truss members is 6.45 x 10-5 m2, which is assumed to be sufficient to satisfy minimum gage and member buckling requirements. The truss members are assumed to have an elastic modulus of 1.23 x 1011 Pa and mass density of 1348 kg/m 3, nominal properties for a high-performance graphite-epoxy material. Nonstructural mass is included to represent the node and joint hardware used to assemble the truss structure. Each truss node is represented by a 0.39 kg point mass and each truss joint is represented by a 0.21 kg point mass. A total of 162.41 kg of nonstructural mass is distributed among the 84 truss nodes. An eigenvalue analysis is performed to compute the lowest flexible-body frequency of the truss with free-free boundary conditions. The mode shape associated with the fundamental frequency is asymmetric, anticlastic bending of the truss. 6
Optimization Criteria
A high truss natural frequency, f, is typically desirable to maintain adequate separation between structural andattitudecontrol system frequencies. Also, high natural frequencies result in lower dynamic amplitudes and faster damping of transient disturbances, so stringent spacecraft pointing and surface accuracy requirements for science missions may be met. Thus, it is particularly important to maintain high natural frequency for trusses used in precision reflectors, where the panel support structure must be both stiff and accurate. 8
The truss mass, m, is another criterion for structural optimization problems. Low mass is necessary because of the extremely high cost of transportation to orbit, with launch costs for current systems on the order of 10,000 dollars per kilogram. 9 In addition, high masses are often reflected in higher costs for additional material, fabrication and processing. In this study, both frequency and mass are optimization criteria used in determining the Pareto-optimal designs.
Pareto-Optimal Design Curve
In this section, characteristics and construction of a Pareto-optimal design curve are discussed for optimization criteria of frequency and mass. The Pareto-optimal design curve is used to approximate the behavior of the actual set of Pareto-optimal designs in criterion space. As the design parameters are varied, the frequency and mass of the structure are assumed to vary within certain limits. These limits can be graphically determined by plotting frequency and mass for all possible designs. The shaded region in the criterion space plot of figure 4 represents such a plot of all possible configurations for a given design problem. Since designs which combine high frequency and low mass are desired, the upper left-hand boundary of this region of feasible designs is identified as the Pareto-optimal bound°a ry, and is shown in the figure as a dark solid line. Thus, the Pareto-optimal design curve is an approximation to this maximum-frequency, minimum-mass boundary of the region of feasible designs. Any deviation from this boundary into the region of feasible designs will result in a decrease in frequency, an increase in mass, or both.
Three key points, the maximum frequency design, the minimum mass design, and the maximum frequency-to-mass ratio design, are identified on the Pareto-optimal boundary in figure 4 . The maximum frequency design and the minimum mass design are important because they are the end points of the Pareto-optimal boundary. The maximum frequency design is the upper limit of the Pareto-optimal boundary, and the slope through this point must be zero (no feasible designs exist above this point). Similarly, the minimum mass design defines the lefthand limit of the Pareto-optimal boundary, and the slope through this point must be infinite (no designs exist to the left of this point). Finally, the upper, lefthand limit for the Pareto-optimal boundary is assumed to be a line through the origin and the maximum frequency-to-mass ratio design. Thus, the slope through the maximum frequency-to-mass ratio design point is equal to (f -0)/(m -0), or f/m.
A simple, conservative approximation ofthe Pareto-optimal boundary consists of the three bounding lines described previously. This piecewise linear design curve is shown in figure 4 as a dark dashed line. Less conservative approximations of the design curve can be constructed from low-order polynomial curve fits through the key points and their slopes described previously. The accuracy of such curve fits depends on the behavior of the actual Pareto-optimal boundary, which is assumed to be both smooth and continuous in this study.
Computation of Key Truss Designs
To determine the Pareto-optimal design curve for the truss example, Taguchi methods 10 are used to identifythe maximum frequency, minimum mass, and maximum frequency-to-mass ratio truss designs. Taguchi methods are an unconstrained optimization technique which use an orthogonal array from design-of-experiments theory to reduce the computational effort necessary to locate optimized truss designs. An array with 27 rows, shown in table 1, is selected using the program of reference 11. In any pair of columns of an orthogonal array, every possible combination of array elements occurs, and occurs an equal number of times. Also, if the array elements 1, 3 and 5 are replaced by -1,0 and +1, then each column is linearly independent from every other column, with a scalar product of zero.
The design variables, which are the cross-sectional areas of the 9 member groups in figure 3 , are assigned to the 9 columns of the orthogonal array in The optimized truss design is determined by setting the cross-sectional area of each of the 9 design variables to the value (1,3 or 5) figure 5 . 
Computation of Pareto-Optimal Design Curve
Low-order polynomial curve fits are made to the optimized truss configurations in table 3 to determine the Pareto-optimal design curve. The slope constraints discussed previously (zero slope at the maximum frequency design, infinite slope at the minimum mass design, and slope f/m at the maximum frequency-to-mass ratio design) are applied by differentiation of the polynomial equations. A thirdorder polynomial with the general form f--o_+ _m + l_n 2 + 5m3 (1) is chosen to represent the design cu rye between the maximum frequency and maximum frequency-tomass ratio designs in criterion space. 
Because the slope at the minimum mass design is infinite, equation 1 cannot be used for the design curve between the minimum mass and maximum frequency-to-mass ratio designs. However, the reciprocal dm/df of the slope is zero, which means that an equation of the form m = E + _f + qf2 + 0f3 (5) can be used to approximate the design curve between the minimum mass and maximum frequencyto-mass ratio designs. Equation 5 is solved for the polynomial coefficients E, 4, q, and 0 as described previously, resulting in an equation m = 1228. 1303-83.4996f + 2.1941f 2 -0.01780f 3 (6) between the minimum mass and maximum frequency-to-mass ratio designs. The third-order curves (defined by equations 4 and 6) are shown in the plot of figure 5 . This pair of curves is used to predict the trade-off between frequency and mass for the Pareto-optimal truss designs.
Verification of Pareto-Optimal Design Curve
To determine the accuracy of the Pareto-optimal design curve, frequency and mass were computed for the 19,683 full-factorial cases. Criterion space results of the full-factorial analyses are shown with the design curve in figure 6 . Although the design curve shown is not the actual boundary for the full- factorial data, the majority of the data are bounded by the cubic curve fits from equations 4 and 6. The trusses which have the highest frequency, lowest mass and highest frequency-to-mass ratio of the 19,683 full-factorial configurations were extracted and are compared to corresponding results from the Taguchi analysis in table 4 . Agreement between results for the Taguchi and full-factorial analyses is excellent for the maximum frequency and minimum mass trusses. Results for the maximum frequencyto-mass ratio trusses show an error of under 5 percent in the frequency-to-mass ratio.
Two key assumptions are necessary for the design method in this study to be valid. The first assumption is that a low-order polynomial is sufficient to define the Pareto-optimal design curve. Examination of figure 6 shows that, forthis problem, a cubic polynomial curve provides a reasonable upper bound to the full-factorial data. However, this is not true for every design problem. The present method is applicable to two of the three analysis cases in reference 3, which have smooth, continuous Pareto-optimal boundaries. The boundary of the third case in reference 3 is highly discontinuous, and the present method would not provide a good approximation of the boundary. The second assumption is that every point on the Pareto-optimal design curve has a corresponding feasible design. Although this assumption may be true when the design variables vary continuously between limits (as in calculus-based optimization), it is not the case in this example, where the design variables take on only discrete values. Thus, not every point on the design curve in figure  6 has an associated configuration in the full-factorial data; however, many feasible designs are very close to the design curve. Note that the design curve 
Multi-Criterion Preliminary Design of a Truss Platform
The first step in preliminary design is to determine the performance improvements that can be achieved through optimization. Such estimates can be made by comparison of the uniform truss performance to that of the Pareto-optimal structures predicted by equations 4 and 6. To provide a design curve for uniform trusses, a second-order curve fit (equation 1 with 5 = 0) is made to the uniform truss frequency and mass data from table 3. This curve fit is exact since there are three uniform truss designs (A = 1,3 and 5) and three unknowns. Solution for the polynomial coefficients gives f = -18.3359 + 0.2909m -0.0003162m 2 (7) The uniform trussdesigncurvefromequation 7 is plotted infigure 5withthe Pareto-optimal design curve.
Note that a semi-empirical equation for uniform truss frequency is presented in reference 6, which may be used instead of equation 7. The (111 111 111 ) configuration is common to both the uniform and Paretooptimal design curves, since it is both a uniform truss with A = 1 and the minimum mass design.
With the exception of the minimum mass truss design, there are significant differences between the behavior of the Pareto-optimal and uniform truss design curves. In general, the performance gains from optimization will depend on additional constraints which may be imposed on the design. For illustrative purposes, two constraint values, a 40 Hz lower limit on frequency and a 300 kg upper limit on mass, are selected for this problem and shown in figure 7 . Computation of frequency and mass for these constraints using equations 4 and 6 shows that use of an optimized truss will increase the truss frequency by 5.49 Hz (13.56 percent) over a uniform truss of equal mass, and an optimized truss will reduce the truss mass by 40.17 kg (13.60 percent) over a uniform truss with equal frequency. The shaded region labeled ffeasible designs" in figure 7 contains all truss designs which satisfy the frequency and mass constraints and are bounded by the Pareto-optimal and uniform truss design curves. Note that none of the three uniform trusses which were analyzed satisfies the constraints, but other uniform trusses (possibly with non-integer normalized areas) may be located which do satisfy the constraints.
In preliminary design problems, the constraint values are often ill-defined, but nominal values must still be used for trade studies and performance estimates. The Pareto-optimal design curve may be used to pre- One further aspect of multi-criterion preliminary design must still be addressed: selection of a nominal design. That is, of the feasible designs in figure 7 , which one should be chosen for later studies? To answer this question, two additional considerations must be examined. First, the criteria must be prioritized in terms of their relative importance. In this truss design problem, is high frequency more important than low mass, or vice versa? Selection of one overriding criterion implies that the other criterion (or criteria) can be treated as a constraint. The original multi-criterion problem now resembles atypical single-criterion problem, where one criterion is considered dominant, and all other considerations are handled with constraints in the optimization. The difference lies in the fact that in the present method, the constraints are not imposed until after the Pareto-optimal designs are located in criterion space, instead of being imposed during optimization. The second consideration requires estimation of the constraint variations from experience or historical data. For example, is 5 percent growth in the 300 kg mass constraint likely, or is 10 percent a more realistic value? What is the resulting variation in frequency? What is the expected variation in the 40 Hz frequency constraint, and the associated mass varia-8 tion? Selection of a design whose behavior is least sensitive to variations in the constraints would be most prudent.
Concluding Remarks
An efficient method is presented here for multicriterion preliminary design, and demonstrated for a 14m-diameter, 3-ring tetrahedral truss platform. This method permits rapid estimates of the truss natural frequency and mass, the criteria of interest, to be made during preliminary design studies. The method is based on construction of an Pareto-optimal design curve, generated from only 31 analyses (27 cases from the orthogonal array, verification of 2 optimized designs and 2 uniform trusses), out of a possible 19,683 designs. The multi-criterion design method presented here does not depend on which optimization technique is used to generate the optimal frequency, mass and frequency-to-mass ratio truss designs, however
Taguchi methods are both accurate and efficient for this problem. The full-factorial data are used to demonstrate the validity of assumptions made on the nature of the Pareto-optimal boundary.
The present method does not identify what specific combination of design variables will retum the values of the criteria. Instead, the method indicates that a configuration which satisfies the given constraints may exist, which is probably more important during a preliminary design phase than details of a specific configuration. The ability to estimate criterion sensitivity to variation of constraints is very important in preliminary design problems, when constraint values are often illdefined and may also change rapidly. Extension of this method to include additional criteria, such as cost, should be fairly straightforward, but physical insight may be lost for problems which have more than three criteria. The method discussed here has been successfully applied to optimal design of a truss platform for maximum frequency and minimum mass, and may also be applicable to other design problems where conflicting criteria must be satisfied.
